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 A new approach is proposed for state estimation of angles and frequencies of equivalent areas in large 
power systems. 
The Kalman estimator is designed using the synchronized phasor measurement data. 
The results of the Kalman estimator only reflect the inter-area oscillations of the systems. 
The proposed method shows good performance in spite of the loss of PMU inputs. 
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1. Introduction 
Power systems are operating closer to their capacity limits and extensive effort is required 
to achieve more stable operation at higher limits. One of the important issues in planning and 
operation of power systems is transient stability analysis which is performed by utilities to 
guarantee stable and reliable operation of power systems under contingencies. Due to 
complexity of inter-connected power systems, detailed dynamic simulation requires extensive 
computation which may not be practical for online stability studies and control 
implementation [1]. In order to perform computationally efficient dynamic studies on large 
power systems, the size of system model is reduced by means of dynamic equivalents where 
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the system model is reduced to exclude the dynamics and states that are not of dominant 
interest. This process can also provide tools to facilitate the estimation of particular states of 
the system which plays an important role in online stability studies and control design. 
Inter-area oscillations are among the important dynamics in transient stability studies and 
defining these oscillations is a major part of tracking the inter-area power transfer changes 
after a disturbance in the system. The concept of inter-area oscillations has been well studied 
in literature [2, 3]; however due to the changes in the structure of power systems and 
implementation of wide-area measurement and control systems, more studies are required.  
A multi machine system when subjected to a disturbance can be represented as a multi 
area system based on generator coherency. The first step in the dynamic reduction process is 
the identification of coherent generators, a process which is well addressed in literature [4-6]. 
When the system is subjected to a perturbation, the generators which are coherent in slow 
modes (low frequency modes) are called slow coherent generators and they usually define an 
area of the system. These generators can be aggregated so a reduced power system dynamic 
model is produced. Slow coherency based aggregation is a common method for aggregating 
coherent generators [7, 8] while other approaches have also been implemented for 
recognition and aggregation of the machines in the coherent areas [9, 10]. 
In order to simplify the dynamic model of large power systems in stability studies, several 
methods have been introduced to provide dynamic equivalents with high accuracy. In [11] a 
dynamic equivalent is obtained by aggregating generators based on their relative participation 
in the group while a non-iterative method is introduced in [12] to form aggregated dynamic 
equivalent based on preservation of coefficient matrices in time domain. In most of the 
proposed dynamic reduction techniques, the system is divided into study area and external 
area and the reduction is performed on the external area [13-15].  
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Aggregation is the main tool for forming dynamic equivalents in the methods discussed so 
far, but dynamic equivalents can be also obtained using online identification techniques using 
measurement [16, 17]. In modern power systems, wide area measurement systems have been 
applied for various stability and security assessment and enhancement issues by utilizing 
phasor measurement units (PMU). Synchronized phasor measurements are very relevant for 
estimation of power systems properties such as inter-area dynamics [18, 19]. 
In this paper a new approach is proposed to obtain dynamic equivalents in a multi 
machine power system using synchronized phasor measurements. Unlike most papers on 
dynamic reduction, the aim of proposed method is not to reduce the external area of the 
system; instead dynamic equivalents are sought for each coherent area of the system.  The 
approach consists of two major steps. By defining the generators in each area based on 
coherency, the system is reduced such that each area is represented by n equivalent 
generators then the reduced system parameters are obtained. At the next step, a Kalman 
estimator [20, 21] is designed for a linear form of the reduced system and modified to be 
implemented on the nonlinear reduced system to implement the reduced dynamic model with 
synchronized phasor measurement. The method is simulated and tested on two test systems, 
including a simple 4 machine test system and IEEE 68 bus test system and the results show 
the effectiveness of the proposed approach. 
The paper is organized as follows. In section 2, basic formulations for power system 
dynamic representation and the system reduction process are presented. The procedure for 
obtaining the reduced system parameters and the application of Kalman estimator for the 
reduced system are described in section 3. Simulation results for the test systems are 
represented in section 4 and conclusion is provided in section 5. 
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2. Dynamic System Model and Reduction 
In this section the mathematical approach of the proposed reduction method is presented 
for a general multi machine power system, and the proposed system simplification into 
reduced power system model is discussed. The dynamic model of a m machine system is 
given by: 
 eimiiiii PPDJ   ZG   
mis
a
iii ...,,1,    ZZGZ          (1) 
Where iJ  is the inertia ratio, iG  is the angular position, iD  is damping ratio, iZ  is the 
angular speed deviation, aiZ  is the angular speed, m is the number of machines, miP  and eiP  
are the mechanical power input and electrical power output of the ith machine, and sZ  is the 
nominal synchronous speed. Using the classical machine model (1), the state variables of the 
system state model are x=[δ ω]T, where δ and ω are the angle and velocity vectors of 
generators. In order to simplify the state model it can be linearized at an operating point and 
the linearized state model is then obtained: 
DuCxyBuAxx   ,           (2) 
In this model, A matrix is the state matrix and the eigenvalues of this matrix represent 
system modes while the eigenvectors represent the relationship between system states for 
specific modes. The C matrix represents the relationship between output variables or 
measurements perturbation y  and state variable perturbation x, while B and D provide the 
relationship between control vector u and system states and outputs. This linear model is 
needed to perform the dynamic reduction process and the first step state estimation using a 
Kalman filter. The linear state model (2) can be transferred into a modal representation using 
the eigenvector matrix V, and to create a modal position and velocity form of equations with 
low frequency modes first, the P matrix transformation as in [22] is applied . 
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1 PVT               (3) 
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TBuzAz m               (5)  
Equation (5) is the modal representation of the system where z is the system state 
expression in terms of position and velocity perturbation of the system modes. The dynamics 
of the modal form are summarized in mA  matrix. The modal representation is the basis for the 
proposed system reduction approach which is applied such that coherent generators in each 
area form an equivalent machine representing all the machines in the area. 
Using the classical machine model (1), three types of modes are observed in the system 
behavior, the common, local, and inter-area modes. The inter-area modes are low frequency 
oscillations related to the oscillation of a group of generators associated with one area against 
other generator groups in the other areas; in most cases the oscillation frequency in these 
modes is usually below 1 Hz with low damping ratios. For the system reduction approach, 
higher frequency local modes are ignored in the modal equation (5) such that mA  matrix is 
segmented in respect to different modes types and the segments associated with local modes 
are omitted in the matrix structure. The approach will result in a reduced modal equation as 
below: 
uTBzAz rrmrr )(             (6)  
Where mrA  is the upper left segment of the mA  matrix and rz  is the reduced modal 
perturbation vector representing inter-area modes of the systems. In order to have the state 
representation of the reduced m machine system to an n area system, the state vector x is 
replaced by the reduced state vector xr =[δr ωr]T where δr and ωr are the vectors of 
equivalent angles and velocities of coherent areas. To obtain the reduced system state model, 
the relationship between full state vector x and the reduced state vector xr  must be found. 
Considering the coherency of machines inside an area, the coherent machines are aggregated 
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using a slow coherency based aggregation. In this method, slow aggregate variables are 
considered to represent the area angle and velocity and rG  and rZ  of each area k are 
calculated: 
¦¦

 
ki
ii
ki
irk JJ GG                    (7)  
¦¦

  
ki
ii
ki
irkrk JJ ZGZ                         (8)  
xr = Hx   Hxxr                           (9)  
Szxr                            (10)  
The relationship between reduced system state vector perturbation rx  and the original 
system state vector perturbation x is defined by H which is a 2n×2m matrix. The reduced 
state perturbation vector rx and full system modes z are related by matrix S which has the 
same dimension of H matrix. To obtain the relation between rx  and reduced modal 
perturbation vector rz , the same reduction method that has been applied on mA  matrix will be 
applied on S matrix by ignoring the local modes in the matrix structure and producing the rS  
matrix. Then the state equation can be written for the reduced system model: 
rrr zSx                           (11)  
uTBSxSASx rrrrmrrr )(
1                         (12)  
Which can be expressed as:   uBxAx rrrr                       (13)  
Equation (13) represents the linearized state equation of the reduced system where rA  
matrix is the state matrix of the reduced system and the eigenvalues of this matrix are just 
representing inter-area and common modes. 
3. Nonlinear reduced system model with measurement 
In this section the procedure for building a nonlinear reduced model and state estimator of 
equivalent area angles and frequencies is presented. In Section 2 the linear state model is 
obtained as a result of system dynamic reduction based on coherency for one particular 
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operating point. The linear model is usually applied in small signal dynamic studies while for 
transient stability analysis a nonlinear model gives more confidence of stability at wide range 
of operating points. To represent the dynamic reduced system by a nonlinear model, the 
parameters of the reduced system model including the aggregated machines and reduced 
system characteristics should be calculated. 
Using the classical machine models, the linear state matrix of the original system A as in 
(2), consists of four m×m sub-matrices: 
»¼
º«¬
ª 
2221
1211
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AA
A                         (14) 
Each of the sub-matrices of A matrix has specific characteristics. 11A  is a zero matrix, 12A  
is an identity matrix, 22A is a diagonal matrix where its diagonal elements represent the 
damping over the inertia of machines  ii JD . Submatrix 21A  has two important 
characteristics relations between each of its elements ija  as below: 
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The reduced state matrix rA  must have similar properties to the A matrix as described 
above, such that it can be represented as four  n×n sub-matrices as »¼
º«¬
ª 
2221
1211
ArAr
ArAr
Ar . The 
sub-matrices should also have similar properties to the sub-matrices of the A matrix. The 
reduction method in Section 2 may results in small errors in the produced rA  matrix but to 
increase the accuracy of the linear and nonlinear reduced model, a modification is applied on 
the rA  matrix. We find the smallest variation of the elements of 21Ar  and 22Ar   using a least 
square based method such that these sub-matrices have the similar properties to the ones of 
the original system. Therefore, the modified 22Ar  will become a diagonal matrix with the 
diagonal elements representing the damping over inertia of equivalent generators representing 
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each area  ii JrDr  and the elements ijar  of modified 21Ar  will have the characteristics as 
below which are all satisfied with the lowest variation using the least square method: 
¦¦
z  
  
n
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ij ararar
11
&0                   (17)  
This modification may change the eigenvalues and eigenvectors of the rA  matrix. To 
reduce the possible error, a weighted least square method could be applied based on the 
sensitivity index of rA  elements to the eigenvalues. According to the results on test systems, 
the change in eigenvalues is very small so this sensitivity weighted version of the least square 
method may not be necessary. 
To obtain the parameters required for the nonlinear representation of the reduced system, 
the linearized classical machine model is expressed as below while the damping ratio is 
neglected and bus voltages are considered to be very close to each other and around 1 pu. 
 j
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While:   jijijiij z ,coscos 00 GG                    (18) 
In (18)  ijX  is the reactance between bus i and j, and considering this equation for the 
reduced system, the unknown parameters will be the inter-area admittances and aggregated 
inertia ratios. The parameter  .coscos 00 constjiij   GG   is defined by linearizing over a known 
0ijG . The original A matrix is produced by a linearization around the steady state operating 
point of the system. Therefore, the best assumption for the 0iG  of area i is the inertia based 
aggregation as for the stable operating points [8]. In this case 0iG  is the steady state operating 
point of the reduced system as ¦¦

 
ik
kk
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ki JJ 00 GG  where the steady state angle 0kG  for 
every machine k inside area i is known. 
9 
 
The inter-area power transfer equation is required along with (18) to obtain the 
unknown parameters of the reduced system. Knowing the steady state power transfer between 
areas and the aggregated steady state 0iG , the inter-area admittances can be obtained. To 
define the inter-area power transfer, the border buses and tie-line should be defined and inter-
area power transfer is then calculated based on the prior full system steady state power flow 
equations. For more accurate calculation of the inter-area power transfer, the power transfer 
measurement data can be used. The single phase circuit equivalent power flow equation for 
the inter-area power transfer between area i and area j is as below: 
  ijjijiij XEEP )sin( GG                      (19) 
In the equation above the equivalent reduced areas are assumed to be connected via 
lossless lines which are represented by the line reactance ijX . Equation (18) is the key part of 
the sub-matrix 21A  of the original system and 21Ar  of the reduced system respectively. 
Therefore, knowing the variables of this equation as described above and calculating the 21Ar  
matrix, inter-area admittances and aggregated machine inertia ratios can be calculated for the 
reduced system using the least square method and also considering the power transfer 
between areas as described by equation (19). Having the equal inertia ratio iJ  for each area i, 
the damping ratio of the area iD  can be calculated based on the 22Ar  sub-matrix using a 
similar least square method. Identifying all the parameters, the nonlinear reduced system 
model is obtained.   
The method can combine many different PMU measurements, and provided 
observability conditions are met, the state estimator can be obtained. Potentially improved 
estimation can be found through optimal placement to ensure the best places for PMUs to 
reflect inter-area modes [23], however local modes may still be visible in the data obtained 
from the phasor measurement units in large power systems. To overcome this problem, state 
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estimation of the inter-area modes is added to the model described before, based on wide-area 
measurement in the system such that local modes are suppressed by the estimator. Kalman 
filtering is one of the best and most accurate state estimation methods which has been widely 
applied in various aspects of power systems [24, 25]. The Kalman filter needs an explicit 
representation of noise; therefore, the linearized state equation is extended to form the 
equations to be applied to the estimator and obtain the Kalman gain: 
GwBuAxx                                              (20)  
vDuCxy                                     (21) 
Equation (20) is the extended form of linearized state equation with unbiased process 
noise w which is related to system state by gain matrix G and equation (21) is the output 
equation which links the measurements in the system with the measurement noise v. These 
noise parameters are considered as uncorrelated zero mean Gaussian white noises which are 
defined by their covariances as below: 
^ ` QwwE T                                             (22)  
^ ` RvvE T                                             (23)  
The Kalman estimator in stationary operation is designed based on the system state and 
measurement equations considering the process and measurement noises. For this approach, 
the process covariance Q is a segmented diagonal matrix where the segment related to 
velocity states is set to unity to excite these states while other segments are zero. Equal 
disturbance is chosen since there is no prior information of whether the disturbance will 
perturb any particular machine. The measurement noises from PMUs are independent from 
each other and have similar characteristics; therefore, the measurement noise covariance R is 
set to be a diagonal matrix. The local mode noise from a system disturbance may be known to 
have a higher probability at certain measurements and in that case the R matrix element is 
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modified. For this paper we take  IR u V  with a comparatively low value for V  to 
represent an equal effect of local modes. 
xCyyyLBuxAx ˆˆ,)ˆ()ˆ(ˆ                                (24)  
The Kalman estimator in (24) represents the system dynamic model considering the 
measurement data where xˆ  is the estimation of state vector perturbation, and yˆ  is the 
estimation of measurement perturbation. The first part of equation as )ˆ( BuxA   predicts the 
evolution of system state and is updated with the correction term )ˆ( yy   through the filter 
gain L. The Kalman gain L is calculated for the system based on the system and measurement 
equations and the correspondent noises. 
1 RMCL T                                   (25)  
TTT GQGCMRMCMAAMM  1                           (26)  
Where M is the covariance of the state estimation error in steady state and is the only 
positive solution of the algebraic Riccati equation (26) when 0 M . Based on the system 
reduction procedure described in Section 2, Kalman estimator is obtained for the reduced 
system by neglecting the effect of local modes. 
rrrrrrr xCyyyLuBxAx ˆˆ,)ˆ(ˆˆ                        (27)  
Equation (27) represents the reduced linear dynamic system model with PMU 
measurement where rxˆ  denotes the estimation of reduced state perturbation. As an approach 
we consider the linear Kalman gain for one operating point can be applied for the nonlinear 
system which will result in nonlinear system state estimation for the reduced system: 
  rrr xy,yyxx ˆˆ)ˆ(ˆˆ rr CLu,f                         (28)  
Based on the equation above, a dynamic nonlinear state estimation for reduced power 
system based on phasor measurement units is obtained; where rxˆ  is the estimation of the 
equivalent area angles and velocities, y  is the measurement from PMUs, and yˆ  is the 
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estimation of measurements. This filter describes how to combine PMU measurements in the 
evaluation of estimation of inter-area modes. Therefore, the inter-area oscillations in a multi 
area multi machine system with wide area measurement are estimated with substantial 
reduction of interference by local modes. In the proposed Kalman filter, local modes are 
considered as noise to be filtered; therefore if the estimator is well designed, the output of 
estimator ignores local modes and represents only the inter-area modes. This is the basis of 
the measurement based model of the reduced system. 
4. Simulations of test systems 
This nonlinear state estimation approach is simulated on two test systems in order to 
demonstrate its feasibility for simple and complex networks.  
4.1.  Test case A - 4 machine test system 
In the first case, the test system is a simple 4 machine system where the generators are 
represented by a classical machine model and the transmission lines are represented as 
constant impedances with zero resistance. For this case, all the transmission lines are 
assumed to have a reactance of 0.1 pu except for line connecting buses 6 and 7 which has the 
reactance of 0.5 pu. Based on the slow coherency approach, this system can be considered as 
a two area system as illustrated in Fig. 1. 
The value of the A matrix can be found from the nonlinear equations by a state 
perturbation method. . The eigen properties of the A matrix describe the system behavior and 
the oscillations of different machines in the case of contingencies. For this study the 
eigenvalues and eigenvectors of the A matrix are calculated and the system is transformed 
into modal form. From the frequencies and modes shapes this system is found to have 2 local 
modes, one for each area, and 1 inter-area mode as shown in Table 1. 
The reduction method described in Section 2 is applied to the system of test case A to 
obtain the reduced linear model of this system. To obtain the parameters of nonlinear reduced 
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system, the procedure in Section 3 is applied such that the system can be represented by 2 
generators each representing a coherent area with a transmission line between them. In order 
to obtain the reduced system parameters the modification described in Section 3 is applied to 
the process. The eigenvalue of the modified reduced system is “-2.0024 ± j1.2018” which 
implies the change in the inter-area eigenvalue of Table 1 is negligible.  
In the next step, the nonlinear Kalman estimator is designed for the reduced system to 
complete the measurement based reduced model of the system. In this system, the PMUs are 
considered to be installed on bus 6 and 7 (one measurement at non-generator buses of each 
area) so the Kalman gain of the reduced system rL   is obtained as described in previous 
sections. To demonstrate the results of the reduced system, the original system is simulated 
considering a self clearing fault at bus 5 and the angle oscillations of the generators are 
illustrated in Fig. 2. 
The nonlinear Kalman estimator is designed for the reduced system which represents 
the inter-area oscillations of the system. To show the performance of the estimator, 
measurement data from installed PMUs is required which is obtained by simulation of the full 
faulted system. The simulation output of the nonlinear Kalman estimator is illustrated in Fig. 
3 showing the angle oscillations of the reduced system for the original system fault.  
For comparison, the angle oscillations of the buses with PMU measurement are also 
illustrated in Fig. 3. The results show that, the approach is very effective in estimation of 
inter-area modes in a multi area system. Despite the presence of local modes in measurement 
data (particularly from the PMU at bus 6), local modes are not visible in the reduced system 
estimator output and the results only express the inter-area modes of the system. 
4.2.  Test case B - 16 machine test system 
To demonstrate the feasibility of the proposed method in large power systems, it is 
simulated on a more complex test system namely the modified 68 bus, 16 machine system 
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[3]. In order to apply this method, the lines are considered to be lossless and the system loads 
are modified but general system properties remained unchanged. Under these operating 
conditions, this system can be divided into five coherent areas based on the slow coherency 
approach as illustrated in Fig.4. 
The reduction procedure similar to the test case A is performed on this test system and 
the linear reduced model is obtained. The parameters of the nonlinear reduced system are 
obtained as described in Section 2 and 3 such that the system is represented by 5 generators 
and the connecting link between them based on the area borders shown in Fig. 4. The inter-
area modes of the original system and eigenvalues of the reduced system are presented in 
Table 2 to show the accuracy of reduction and modification process. To facilitate the reduced 
nonlinear model for this system, the Kalman estimator is designed considering PMU in each 
area on buses 11, 15, 24, 32, 36, 41, 42, and 52.  . This case specifically considers the effect 
of multiple PMUs in each area, and the procedure shows how to combine multiple 
measurements to obtain a single area angle for the reduced system modeling the inter-area 
modes.  
The measurement data is obtained by simulating the original system for the designated 
disturbance. Therefore, the system is simulated for a self clearing fault at bus 21 and angle 
oscillation of the buses, where PMUs are installed, is illustrated in Fig. 5a. The nonlinear 
Kalman estimator is then simulated for the reduced system considering the same fault and 
using the obtained measurement data to compute the estimation of area angle oscillations as 
illustrated in Fig. 5b. 
The results of the nonlinear Kalman estimator show the effectiveness of the proposed 
method in large power systems as the results express the inter-area oscillations of the test 
system and all the local modes have been suppressed in the state estimation. In order to 
decrease the effect of local modes in measurement, PMUs placement design can be 
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performed to find the best buses to install the measurement devices. Although this reduces 
the effect of local modes in the measurement, presence of these modes in the measurements 
obtained from PMUs is inevitable. To examine the robustness of the approach, consider a 
change in the locations and number of PMUs. In each of these cases the Kalman gain for the 
reduced system will be different, but will yield a correct estimator for the reduced system. 
One naïve approach to estimate area angles is to average the PMU measurements at each 
area. This however results in visibility of local modes as can be seen for area 2 in Fig. 5b. 
The simulation in Fig. 5b is performed considering loss of the PMU located at bus 36 which 
is in area 2 at t = 6 and the obtained results show the vulnerability of the averaging method to 
sudden loss of PMUs, while the proposed method shows good performance in spite of the 
loss of PMU inputs by applying an instantaneous change in the Kalman estimator once the 
PMU data is lost.  Any frequency estimate obtained from the averaging method would show a 
strong error at that point as well as having errors due to the presence of local oscillation 
modes.  
5. Conclusion 
A new approach for estimation of angle and frequencies of coherent areas in large 
power systems by dynamic equivalents using synchronized phasor measurement units is 
proposed in this paper. By defining the coherent generators and their related buses based on 
slow coherency approach, coherent areas within the power systems are identified. The 
reduction is applied on the system such that each area is replaced by an equivalent generator 
representing the area and transmission lines by equivalent connections between areas. The 
aim of this approach is to develop an estimator based on a reduced model which reflects only 
the inter-area oscillations of the original system. The parameters of the reduced nonlinear 
model are obtained using the linear reduced model and the system operating conditions. The 
nonlinear Kalman estimator is then designed for the reduced system to provide the reduced 
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system state estimator based on phasor measurements. The approach is simulated on two test 
systems to show the feasibility of this method on both simple and complex networks. The 
results of the simulation in both cases demonstrate successful reduction of dynamic systems 
as the results of the nonlinear Kalman estimator only reflect the inter-area oscillations of the 
systems.  
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Fig. 1. Test case A - 4 machine 2 area test system. 
 
Fig. 2. Generator angle oscillations of the original system. 
 
Fig. 3. State estimation of area angle oscillations. 
 
Fig. 4. 16 machine test system and coherent areas. 
 
Fig. 5. a) Angle oscillation of the buses with PMU in the original system 
b) State estimation of area angle oscillations. 
 
Figure captions
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Table 1 
The Eigenvalues of Test System A 
Mode Type Eigenvalue 
Local Modes 
-0.5401 ± j5.5244 
-0.1783 ± j3.6077 
Inter-area Mode -0.1999 ± j1.2018 
 
Table 1
Click here to view linked References
Table 2 
Comparison between inter-area modes of the original system and the eigenvalues of the reduced 
system – Test case B   
Original system inter-area 
eigenvalues 
Eigenvalues of modified rA
matrix 
-0.4380 ±  j5.1730 -0.4379 ±  j5.1728 
-0.3347 ±  j4.0153 -0.3339 ±  j4.0166 
-0.3793 ±  j2.9897 -0.3794 ±  j2.9895 
-0.3743 ±  j2.0233 -0.3772 ±  j2.0254 
 
Table 2
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